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ABSTRACT

A new method of stability testing of dynamical circuits
linearized around dc operating points is proposed. In
many cases, classical “pole-location” methods may fail.
The procedure is based on the energetic mechanisms
inside the circuit that is deflected from given
equilibrium state due to fluctuation. As a result, the
general stability criterion is formulated including the
new computer algorithm.

INTRODUCTION

This paper extends the ideas described in [1], where the
so-called fluctuation theory of stability is introduced.
We summarize the main results.

Consider a resistive circuit and its investigated
operating point. Some fluctuation causes a small
deflection from the operating point. It is shown that for
a stable operating point, the energy of fluctuation is
fully consumed by the circuit – the circuit behaves like a
consumer. In case of unstable operating point, the
circuit behaves like a source and the original fluctuation
develops into unstable behavior.

The so-called virtual eigenvalues of resistive circuit
have been defined to model the phenomenon described
above. Their number is given by the number of
controlled sources in the linear model of tested circuit.
The operating point stability can be tested using the
eigenvalues location: in case of stability, the real parts
of all virtual eigenvalues have to be positive.

The criterion described is also generalized to the
dynamical circuits, where the virtual eigenvalues
depend on frequency. The given trajectory in the
complex plane corresponds to each eigenvalue for the
frequency range ω∈〈 0,∞). In case of unstable
equilibrium state, such a frequency has to exist when the
pure active power is transferred from the circuit to the
source of fluctuation. As a practical rule of instability,

there is at least one trajectory, which touches the
negative real half-axis of the complex plane.

This rule has the character of graphical method like
Nyquist’s stability criterion. Its practical utilization is
not convenient for large systems. In the following
chapter, we propose a method that provides for
algorithmic decision about the stability.

METHOD

Consider a nonlinear dynamical system that is linearized
round the investigated operating point. As a result, a
linear Nd - order dynamical system with Ns controlled
sources is obtained. Zero voltages/currents of controlled
sources correspond to the dc operating point.

Fluctuations round the equilibrium state can be modeled
by additional sources of fluctuations. We add a voltage
source of fluctuation δVi in series to each controlled
voltage source Vi. Similarly, we add a current source of
fluctuation δIi in parallel with each controlled current
source Ii. The voltage and current fluctuations can be
arranged into the vector δX:

[ ] [ ] TTIIVV IVX δδδδδδδ == KK 2121 .

The circuit reactions to these fluctuations are the
currents δIRi of voltage fluctuation sources and the
voltages δVRj of current fluctuation sources (we respect
the source orientation of voltages and currents). Due to
linearity, reaction is proportional to action:

XHX δδ =R , (1)
where
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is the vector of reactions and H is the so-called
fluctuation matrix.
Taking into consideration the spectral properties of
fluctuations and of the investigated system, the vectors
δX, δXR, and the fluctuation matrix H are frequency
dependent. Formally, the substitution jω = s yields

( ) ( ) ( )sssR XHX δδ = . (2)

The following statements are true:

Statement 1:
All eigenvalues

( ) si Nis ..1, =λ
of the fluctuation matrix H(s) are rational fractional
functions of the operator s.

Statement 2:
The equilibrium state is stable if:
- all eigenvalues of the fluctuation matrix H(s) for

s = 0 lie in the right-half complex plane, and



- all poles of all eigenvalues of the fluctuation matrix
H(s) lie in the left-half complex plane.

Statement 3:
The poles of all eigenvalues of the fluctuation matrix
H(s) and the classical poles of the investigated
dynamical system are identical.

The Statements 2 and 3 yield following conclusion:

Statement 4:
The equilibrium state is stable if:
- the corresponding dc operating point is stable, and
- the classical stability test of the dynamical circuit

based on the pole-location methods is positive.

Explanation:
In case of simple eigenvalues of matrix H, we can find
such linear transformations
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which transform equation (2) into other voltage and
current coordinates:
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where
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is the Jordan diagonal matrix with the same eigenvalues
λ1,..., λNs as for the original matrix H.
As a consequence of the diagonality, equation (5) is the
set of Ns scalar equations

( ) ( ) ( ) siiRi NisYssY ..1,. == δλδ .

Here δYRi(s) and δYi(s) are the Laplace transforms of the
variables of the transformed linear dynamical system. In
this way, the eigenvalue λi(s) is a circuit function that is
in the classical form for circuits with lumped
parameters, i.e. the rational fractional function of the
complex frequency s. In this way, Statement 1 is
explained.

For s = 0, equation (2) is simplified to the fluctuation
equation of resistive system. As shown in [1], the
eigenvalues of the fluctuation matrix then describe the
stability of a dc operating point. As proved in [1], all
eigenvalues have to lie in the right-half of the complex
plane for the stable dc operating point. The stable dc
operating point is the necessary but not sufficient
condition of the stability of corresponding equilibrium

point of the adjoined dynamical system. This is the
explanation of the first part of Statement 2.

For s ≠ 0, the frequency properties of the fluctuations
are considered. For the stable equilibrium states, the
substitution s = jω leads to the fluctuation equation

( ) ( ) ( )ωδωωδ jjjR XHX =

with the following physical interpretation: the system
responds to the fluctuations round the equilibrium state
as a filter with the matrix frequency response H(jω).

For a stable reaction to the fluctuation, all poles of all
eigenvalues λi(s) have to lie in the left-half complex
plane.

The equation (1) can be rewritten to the form
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From the two-port terminology, the corresponding two-
port coefficients are in the submatrices G, B, A, Z, on
the assumption that an input/output two-port variables
are in the δX/δXR vectors.

In this way, the elements of the matrix H are a rational
fraction functions of Laplace operator s, where all
denominators are given by the characteristic polynomial
of the investigated dynamical system. After the linear
transformation (5), these denominators are not changed.
That is why the Statement 3 is true.

The Statement 4 yields a direction how to test the
stability: the classical test based on the pole-location has
to be completed by the testing of the stability of dc
operating point. For the stable system, both tests have to
be positive.

ALGORITHM SUMMARY

1. We linearize a nonlinear system round a given
operating point. As a result, a linear model with
controlled sources is obtained.

2. We add a voltage source of fluctuation δVi in series
to each controlled voltage source Vi.

3. We add a current source of fluctuation δIi in
parallel with each controlled current source Ii.

4. We mark circuit reactions to the fluctuations:
currents δIRi of voltage fluctuation sources and
voltages δVRj of current fluctuation sources (we
respect the source orientation of voltages and
currents).



5. We compile the fluctuation matrix H(s=0) as
simplified relation (2) between the source and the
response fluctuations.

6. We compute all eigenvalues of the matrix H for
s = 0. If at least one of them has a negative real
part, the corresponding dc operating point is
unstable. Then the behavior of tested system is also
unstable. The testing procedure can be stopped.
Otherwise, we continue to the item 7.

7. We perform the classical pole-location stability
testing of the corresponding dynamical system. If at
least one of the poles has a positive real part, or
some multiple poles in the imaginary axis appear,
the corresponding equilibrium point is unstable.
Then the behavior of tested system is also unstable.
Otherwise, the equilibrium point is stable.

EXAMPLE

Consider the low-pass filter in Fig. 1 (the cutoff-
frequency 3.4 kHz, pass-band ripple 0,2 dB, attenuation
at least 30 dB above the frequency 4 kHz, group delay
max. 1msec.). Both OpAmps are simple types 741. In
the course of the stability testing, the verification of the
polarity of input OpAmps outlets can be also performed.

OpAmps polarity as in Fig. 1.

For the testing, we add the voltage sources of
fluctuation δV1 and δV2 in series to the outputs of OPA1
and OPA2. The circuit reactions are in the form of the
current fluctuations δIR1 and δIR2. For the dc operating

point, equation (1) is as follows:

2

1
1016

1611

2

1

10.38118,110.80843,3
10.80843,310.91710,5

V
V

I
I

R

R

δ
δ

δ
δ

444444 3444444 21
H

−−

−−

−
−

=

=

The fluctuation matrix H has two eigenvalues

λ1 = 5,91722.10-11, λ2 = 1,3811821.10-10.

Both eigenvalues are positive. That is why the
corresponding dc operating point is stable.

Now let us compute the classical poles of investigated
filter. The pole-location depends on the OpAmps model.
First consider simple model in the form of VCVS with
the frequency independent voltage gain
A0 = 200000 (corresponds to the type 741). Then the
filter has 5 poles:

-1,43752.103 ±j2,20327.104

-7,01390.103 ±j1,79214.104

-1,423917.104.

Now consider more complex one-pole model, which
includes the open-loop gain A0 = 200000, GBW =
1MHz and the output resistance RO = 75Ω. In this case,
two additional poles appear. The resulting pole-location
is then as follows:
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Fig.1. Active filter under the test.



-1,38364.103 ±j2,18414.104

-6,99813.103 ±j1,76378.104

-1,43004.104

-3,336247.106

-4,75325.106.

In both cases, all poles lie in the left-half complex plane.
In accordance with the Statement 4, the investigated
equilibrium state of the filter is stable.

Interchanged  polarity of the OpAmps.

Let us interchange the input outlets of the first amplifier
OPA1. It should be noted then the circuit will be
unstable.

Compilation of the equation 1 leads to the result
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One of the eigenvalues of the matrix H is negative:

λ1 = -5,91722.10-11, λ2 = 1,3811821.10-10,

and the dc operating point is unstable. The classical
pole-location need not be computed – the behavior of
investigated filter is unstable.

Nevertheless, let us do it. The simplified VCVS-
OpAmps model yields following 5 poles:

-1,43752.103 ±j2,20325.104

-7,01382.103 ±j1,79216.104

-1,423920.104.

In spite of the circuit instability, all poles lie in the left-
half complex plane!

Now consider one-pole OpAmps model mentioned
above. One positive pole appears:

-1,26216.103 ±j2,21563.104

-7,10393.103 ±j1,76489.104

-1,42865.104

-3,33935.106

+4,59869.106.

Obviously, the result of the classical stability testing
depends on how to model real properties of circuit
elements. This fact can cause the testing results to be
unreliable, especially in case of large transistor
structures.

If the testing of the dc operating point stability precedes,
these improper phenomena are excluded.

To confirm aforementioned conclusions, similar
analysis could be done for the inputs interchanging of
the second amplifier OPA2 or both amplifiers.

CONCLUSION

A new algorithm how to test the stability of nonlinear
circuits round given operating points is proposed. Our
method is based on the so-called fluctuation theory of
stability. The above method yields correct results in the
cases where the classical “pole-location” methods can
fail (e.g. circuits with controlled sources), and where no
general tools are known (e.g. stability of dc operating
points of resistive circuits).
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